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ARTICLE XV. 



On the Insufficiency of Taylor's Theorem as commonly investigated; with Ob- 
jections to the Demonstrations o/Poisson and Cauchy, and the assumed Gene- 
ralization of Mr. Peacock; to which are added a new Investigation and Remarks 
on the Development and Continuity of Functions. By Charles Bonny castle, 
Professor of Mathematics in the University of Virginia. Read May 15, 1840. 

Section I. 

Development of Functions. 

In another place I have pointed out the errors and conflicting views result- 
ing from the vague manner in which mathematical writers have usually con- 
ceived the ultimate object of their peculiar logic. 

This discussion is only incidentally connected with the present paper, but 
it will conduce to clearness if I state so much of the construction and object of 
modern analysis as we shall have occasion to refer to in what follows. 

1. Numerical logic may be regarded as divided into two great branches — 
the body of connected arrangements and rules, to which writers have given 
that most awkward name " the calculus," and the operations whereby all the 
relations of quantity are reduced to its influence, and developed by its esta- 
blished principles. 

2. The first of these branches, for which we have remarked a new name is 
so much wanted,* consists, 1st, of arithmetic — which any good calculating ma- 

* See note 1. 
VII. — 3 E 
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chine might conveniently replace — and, 2dly, of algebra, elementary and 
transcendent, which prepares and reduces complicated relations for the ap- 
plication of arithmetic, or, in other words, brings them within reach of the 
machine. 

3. The applied branch of numerical logic — nearly as ill named as that which 
is pure — has for its object to reduce all the relations of time and space, and 
such moral relations as admit the notion of definite aggregation to relations of 
number; or, more correctly, to reduce all modes of exact aggregation to the re- 
lations of that particular arrangement of number which constitutes the branch 
preceding. 

4. As I cannot persuade myself to use a term so ill adapted to its purpose as 
"the calculus," I must employ, in its place, the circuitous definition of "the 
known and connected algebraic arrangements," and shall then observe that, 
throughout this paper, any expression composed of the known and connected 
algebraic arrangements is termed a function of numerical logic, as any ex- 
pression which relates to modal aggregation, unreduced to relations of num- 
ber, is termed a modal function. 

5. The two great instruments which numerical logic employs in reducing 
the unknown to the known are equalities and developments. In the present 
mode of considering the subject, nearly all developments are derived from 
those which are equalities, by the simple process of omitting the remainder ; 
so that, denoting a development by the sign -A/-, either of the propositions 

12 3 m 

u = u + u + u-fu + &c. . u + R 

or 



(i; 
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u = uv + uv + uv + uv. ..UV + R 



(=2; 



(3) 



may be said to involve the proposition 

12 3 m 

U fj/- U, U, U, U . . . U 

6. A variety of instances, more general than these, might be given, but our 
present object is limited to the manner in which the third proposition arises 

12 m 

from the second, and to that form of the "classifying functions" v, v, v . . . v, 
which gives rise to the differential and the integral calculus. 

To conceive the first of these neatly, we remark, that many developments 
are not only definite, or such as can be found by fixed rules, but also^>nme, or 
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such as admit of only one form, and that always give the same terms when the 
function operated upon is varied in any way that does not affect its value. 

X 12 

Hence, if such a form can be found for v — the general term of v, v, v; as, 
within specified limits of some of the variables that enter u — shall make any 
one of the terms in (2) greater than all which follow — including R — the 
functions 

0000 1100 11 2 2 

UV, UV-fUV, uv + uv + uv, &c, 
will be osculates of the more complicated, and less known, function u, or, in 
other words, will agree with it more nearly than any other functions of the 
same peculiar form and simplicity can agree. 

The success of the method obviously depends on our obtaining known and 
manageable functions for the derived terms, or, rather, for those partial sums 
of them which we have above enumerated. 

The great importance of such osculates will be felt when we consider that 
not only tangents, tangent planes, circles of curvature, motions in these lines 
and planes, and other similar geometrical and dynamical elements, are merely 
osculates to the function they are intended to trace, but that every physical 
hypothesis stands in the same relation to the function which it represents; as 
may be well perceived in the Newtonian law of gravity, which is merely re- 
garded as a convenient and finite osculate to the law of nature. 

Recent analysts, and especially Lagrange and Fourter, have greatly added 
to this method of investigation, by the introduction of those very simple tran- 
scendental osculates which give finite osculations with any required portion of 
a function, and which thus enable us to separate the parts that belong to the 
problem in hand from those which would merely embarrass the investigation. 

Having thus pointed out the manner in which the differential calculus pro- 
ceeds, it may not be amiss to notice that of its converse, whereby we shall 
throw farther light upon the nature of the developments we are considering. 
These two branches of numerical logic are, indeed, so imperfectly explained 
in our elementary works, and have been viewed by writers of the eminence of 
Cauchy and Mr. Peacock in a manner so much at variance with what I re- 
gard as their true principles, that I found this little preliminary sketch essen- 
tial to the clear understanding of the principal subject of this paper. 
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Supposing, then, a numerical function P developing in a known series 

12 x 

P, P, P . . . P . . &c, (4) 

and a modal function Q developing, modally, in a similar series 

Q, Q, Q . . . Q . . &c; (S) 

it is evident that if we can so determine P that any corresponding terms in 

these developments shall agree — as, for example, that P shall be the numerical 

i 
representative of Q, the relation which exists among the terms, and whereby 

we pass from term to term, in either direction, along the series, will immedi- 



ately determine the connexion of P and Q, of P and Q, or of any other of these 
related functions. A single example, the method of determining areas, will 
render this abundantly clear, and as the subject is elementary, and well known, 
we may dismiss it in a few words : — The modal function Q is, in this case, the 

12 

increased area; the related, or derived functions Q, Q, Q, &c, are the unin- 
creased area — the parallelogram that composes the largest part of the increase 
— the right lined triangle that stands on this parallelogram, and so on. Now 
any one of these derived terms, the first excepted, is easily expressed algebra- 
ically, and thus, by the converse of the process that derives a term from that 
which precedes it, we are enabled to repass, backward, along the developments, 



and to determine the relation of P and Q. 

It is very remarkable that mathematicians employing extensively the theory 
described above, and which depends on the use made of that remainder R, con- 
cerning which so much has been said, should have entertained notions in re- 
gard to this last that were far from correct. The nature and •magnitude of R. 
is manifestly an inquiry essential to the proofs, both that the development is 
possible and that it is prime, and which is again referred to in that part of the 
application wherein any term of the series is said to exceed all the rest of the 
development. D'Alembert and Lagrange were thus led to compute the 
value of a term on which so much depended; but, proceeding in a vicious cir- 
cle, their analysis assumed the development which it was meant to demon- 
strate, as we shall presently show. 

Catchy, perceiving this error, but not distinguishing between developments 



AS COMMONLY INVESTIGATED. 22] 

and equalities, and having apparently an obscure notion of that most valuable 
part of analysis, the theory of correlations, was led to remodel the differential 
calculus, and to discover R by a detailed investigation of each special case. 
Such a process led to rules that seemed to multiply infinitely; the unity and 
power of analysis became frittered away into — the limited propositions — the par- 
tial clearness — and general obscurity of synthesis; and yet so great was the in- 
fluence of this clever writer, that the injury done to science may be traced 
even in the works of analysts the most profound,* and greatly disfigures the 
works of many continental writers of less reputation. The extent of this in- 
jury having been seen by Mr. Peacock, he was led, in opposition, to assertions 
that err in a contrary direction, laying down as a law, of which he regards 
himself as the discoverer, that not only is every development an equality, but, 
proceeding farther in this method of regarding the subject, that every proposi- 
tion of numerical logic, once established as true within limits, is thenceforth to 
be looked upon as universally true — an assertion which would reduce all ar- 
rangements to one arrangement, and deny to correlation the power of restrict- 
ing, or of referring propositions not conveniently grouped together, to distinct 
classes. 

We trust that, after the preceding remarks, it will be clear that both of these 
views are erroneous; that developments considered per se, as, for example, in 
the theory of generating functions, involve no idea of equality between the 
members of the proposition, and are even, in many cases, independent of con- 
nexion between the terms, as in the proposition 

12 3 x 

P # P, P, P, P, . . P. . : 

an independence that does not prevent the equality between the numbers of 
the original development 

P = Pk° + Pk 1 + Pk 2 + . . Pk*. . . + R 
whence the preceding may have been derived, from having its use in tracing 
the nature of the latter, or regulating its applications. 

The development whereon the differential calculus is founded requires that we 
should keep these remarks in mind. The great analysts to whom that method 
of reasoning is due perceived that, treating F (x + h) as a generating function, 

12 X 

F x becomes the first term of a series of functions P, P, P . . . P . . . having 

* The second edition of Poisson's Mechanics may be cited in proof. 
VII. — 3 F 
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important properties, and which enter as coefficients of the development 

P + Ph 1 + Ph 2 + Ph 3 . . . Ph". . + R, 
that possesses the property, already mentioned, of permitting one term to be 
rendered greater than all the remainder. 

To prove the generality of such an expansion became, therefore, a problem 
of moment, and as, in attempting to solve it, Lagrange had fallen into a ma- 
terial error, Poisson resumed the subject in a memoir, the substance of which 
may be found in the large work of Lacroix. 

It was soon felt, however, that Poisson's demonstration proved too much; 
it was seen that his results, if demonstrated at all, should be true of every spe- 
cies of function, and that deviations from truths so established would not be 
exceptions, but anomalies. The force of these objections was increased by a 
discovery, partly his own, that, in a similar case, the expansion for sin n x, 
mathematicians, by adopting such loose reasoning, had fallen into considerable 
mistakes. And these doubts were again re-enforced when it was found that, in 
that celebrated development used by Laplace to investigate the theory of the 
planets, as well as in the case of the numerous periodic series that began now 
to be employed, these vague methods of development had introduced uncer- 
tainty into the most profound inquiries, and thrown doubt upon results of the 
highest importance. 

Hence arose both Cauchy's laborious reinvestigation of the higher analysis, 
and those numerous attempts which we have recently seen made, to demonstrate, 
in a more exact manner, the fundamental expansions of the science. 

Among these it must be acknowledged that one of the most elegant and 
happy is Poisson's investigation, given in his Traite de Chaleur, of Fou- 
rier's Theorem for periodic developments. And yet, even here, it must be 
allowed that a demonstration is still wanting that shall, at the same time, be 
more simple, and connect the result more readily with the elementary arrange- 
ments of numerical logic. 

That such is the case with regard to the theorem that forms the subject of 
this paper is, I have no doubt, generally felt; and to that theorem I now 
return. 

Lagrange, after an unsuccessful attempt to prove that fractional powers do 
not enter the development, commences his demonstration by assuming an ex- 
pansion of the form 

F(x + h) = F(x) + h.P; 
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which Poisson changes to 

F(x + h) = F(x)+h*.P; 
but with what justice we shall now consider. 
The development 

F (x + h) = F (x) + R (x, h) 
{R (x, h) = 0} * 

h = 

is merely an analytical expression for the hypothesis that h is independent of 
x, and therefore unquestionable. But, without venturing so far as the suppo- 
sition of R (x, h) containing a factor which is a power of h, what right have we 
to assume that it contains a factor which is even a pure function of h? or, in 
other words that 

R (x, h) = £ (h). Q (x, h); 
{* (h) = 0}? 

h = 

It may be answered that in no other form than as a multiple could h destroy 

terms containing the independent variable x. But how much is here assumed 

_ i 

will be perceived by considering that, in such simple functions as x h , or log. 

*X" -4- Tl 

, that vanish when h = 0, we do not immediately see that h* enters as a 

factor; and although it might be demonstrated that h is so involved, yet what 
are we to say in regard to the extension of the assumption to that host of tran- 
scendental functions, the varying and almost capricious relations of which 
analysts are only beginning to understand? 

Even in the simple vanishing function log x, we know that x* cannot be 
said to enter as a factor, unless we admit that a is infinitely small; and other 
cases might be found still more perplexing. 

A geometrical illustration will, however, suffice for this purpose. Thus, 
representing graphically three functions of the form 

y = h* 
{y= £.h =0} 

h = 

{j = $ (x, h) = 0} ; 

h = 

the first is seen to be continuous and parabolic; and, consequently, if the two 
latter partake of the same degree of continuity, we may conclude that a could 

* This notation denotes the function to vanish when h = 0. 
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be so assigned as that when h was very small, the other two functions should 
sensibly degenerate to h*. Such a conclusion would probably command the 
assent of the mind ; but in what sense could this osculation be understood if the 
functions £ and <£>, expressed throughout their whole extent — series of uncon- 
nected points — broken portions of lines infinitely small, arranged at infinitely 
little intervals — denticulated — serpentining in waves such as are presented by 
what is termed in art a perfectly polished surface — subject to finite changes in 
infinitely small distances — or, in short, subjected to any of those numerous va- 
rieties of discontinuity which the modern analysis embraces. So far from the 
osculation being, in such cases, axiomatic, I believe that few analysts, however 
skilful, will venture, without much investigation, to assert its existence; and 
even then, their acquaintance with the infinitely small variations of functions 
would rather be due to a knowledge of Taylor's Theorem than drawn from the 
algebraic arrangements which precede it in the calculus. The changes which 
the second function permits might, indeed, cause it to osculate, or become iden- 
tical with the third for any given value of x; but still, in this instance also, 
where the assumption is so far less arbitrary and restricted than Poisson's, it 
could scarcely be allowed; since, should x be changed, by what principle can 
we assume that the function £h, which osculated with <£ for the former ab- 
scissa, continues to agree with it for the new point of osculation? 

Mr. Murphy, in one of his excellent memoirs on definite integrals* has 
given the name of transient functions to a class of expressions analogous to 
some of those already mentioned. The expression 



<; (i-h)(i+h) s i 

1{1 — 2h(l — 2t) + h*j ?5 



h = l 



is of this class, vanishing for every value of t excepting that in which t is zero, 
when the value of the function becomes infinite; and were we to rest the argu- 
ment merely on functions of this kind, we might very well ask whether it can 
be at once asserted, as axiomatic, that all the great variety of such functions 
admit of being developed by powers oft? 

Sir W. Hamilton and Cauchy have both taken the function 



as presenting anomalies and difficulties which cause it to violate two of the 
received laws of analysis. The last of these authors, indeed, considers this 



Cambridge Phil. Trans., Vol. V., p. 347. 
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function is alone sufficient to overthrow the customary demonstrations of Tay- 
lor's Theorem, and rests the necessity for his own method of proceeding upon 
the evidence it affords. It is yet manifest that every transient function must 
possess the same "apparent" anomaly of making the function itself, and all its 
differential coefficients, vanish for a given value of x; and, indeed, the whole 
doctrine of what Cauchy has termed singular integrals rests upon the same 
foundation. The anomaly observed by the first of the authors we have cited 
consists in the fact that, whilst the function vanishes for x = 0, it cannot be ex- 
panded in a series proceeding by the powers of x. 

Mr. Peacock, having adopted the maxim that all developments may be re- 
garded as universally true, is led to hope, in noticing this function, " that more 
enlarged views of the analytical relations of zero and infinity, and of the inter- 
pretation of the circumstances of their recurrence, as well as of the principles 
and applications of Taylor's series, may enable us to explain these and other 
anomalies."* Without doubt, they are very easily explained in the present 
instance; and it may be matter of surprise that neither Sir W. Hamilton nor 
Mr. Peacock have noticed the explanation. I have not, indeed, at present, the 
Irish Transactions by me, and am, therefore, obliged to restrict myself to the 
analysis and remarks contained in the work here quoted, but which, I presume, 
are drawn from the original memoir.f The method used is to put the theorem 

e x9 = Ax* + Bx< 8 + Cx>' + &c. 

under the form 

i 

x~". e~ *" = A + B x- 8 -* + Cx>~* + &c. (a) 

When, assuming y = - , expanding 

under the form 

and observing that when x = or y = oo, this series is infinite, it is concluded 
that the left hand member of (a) must be zero, and consequently A = 0; a re- 

* Third Report, p. 346. 

1 1 have since found this surmise correct, having received the Transactions in the interval that 
elapsed in going to the press. 
VII, 3 G 
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suit which it is concluded would follow, in like manner, for all the other coeffi- 
cients. 

But here it will be at once seen that the expansion (b) which is unexception- 
able whilst y is small, cannot, except on Mr. Peacock's principles, be assumed 
as holding good where y is infinite; and that, even assuming this expansion, it 
may happen that a is infinite, a result which would reduce an infinity of the 
first terms of (b) to zero, and thus cause the series to have both numerators and 
denominators infinite, and consequently render it capable of a finite sum. That 
such is really the case may be readily shown, for, writing 



and putting 
we have 

and consequently 



e x = (e z ) 



e' = x 



e x = x logx : 



i 

X* _ 



= /_ ±\ x* (— 2 log x + log — 1) 
= + L 



X x* (log x — Hog — 1) 



or 



= + 



log X ) 

x = 



but putting x = - we have 

y 



r 



I 



x a log x log y 

and as y 2 , when y is infinite, is infinitely greater than log y, we have 

x^= ±X°°? 

x = 

whence we conclude that if the function in question is expanded in a series of 
the kind proposed, the lowest power of x must be infinite. And as log x is, in 
like manner, a function that expands by infinitely small powers of x, it would 
appear that we might take, as the classifying functions whereby developments 
can be arranged, the simple expressions 

± \ 
x a , e x ", (log x) n . 
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With these remarks I may close this preliminary outline of the subject, 
which, I trust, will not be considered as without interest or unnecessarily pro- 
lix by those who bear in mind the great importance of the development to 
which it relates, and the erroneous views of it which analysts of the first rank 
have taken. 

The same observations will apply to another subject, which has, indeed, been 
only touched upon incidentally by any of the writers with whose works I am 
acquainted; I allude to the continuity of functions, and the division of this con- 
tinuity into classes. D'Alembert and Lagrange, in their discussions con- 
cerning the vibrations of a musical cord, and, more recently, Fourier, in his 
admirable theory of the propagation of heat, have given us some examples of 
that species of arrangement which they term discontinuous functions; and 
Poisson, in resuming the inquiry treated by the two former, has shown that 
the theories of the musical cord require that it should every where have that 
species of continuity which gives a single tangent to each point. And I may 
add that Mr. Murphy, in the first of his Memoirs on the Inverse Method of 
Definite Integrals, has divided functions according to the number of their breaks, 
giving analytical expressions for each class. But, as all these writers have re- 
garded functions wherein the condition mentioned by Poisson is not fulfilled, as 
discontinuous, I have to add here some remarks on that subject. 



Section II. 

Continuity of Functions. 

The observations which I intend to make on this head will, perhaps, be con- 
veniently introduced by quoting from a small pamphlet containing some ele- 
mentary views of this kind, and which I had printed, but without publication, 
during the course of last year. 

" Continuous functions we should suppose to be such as, in increasing from 
one grandeur to another, passed by insensible gradations through every inter- 
mediate value; but this must be understood with considerable limitation, since 
the degree of continuity which serves, at present, as the type of that quality 
in the theory of number is the continuity possessed by the ordinary functions 
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of the science. The elementary functions of this class are x n , a x , sin x; and 

i 
their converses x~°x;, log x, sin _1 x; and the complex are such as can be 

formed from these by any of the operations which were used in forming these 

functions themselves, certain restrictions being required when those operations 

compose an infinite series. 

Now if we assume as our unit a number e, no otherwise assignable than as 
being less than any number we use in the course of the inquiry, and as being 
capable of indefinite diminution, the natural scale of numbers will become 

. . — 2e, — l.e, O.e, l.e, 2 e, 3 e, . ■ . . x.e . . . 
where each term exceeds the preceding by the indefinitely small portion e. 
Such a scale is, in fact, employed by Laplace, under another form, at the com- 
mencement of the Mec. Celeste, and, adding clearness to discussions concern- 
ing infinitely small variations, will be used throughout this paper, wherein we 
shall term it the natural scale to the unit s. 

But, substituting for x, either in the preceding elementary functions or their 
converses, the successive numbers of this scale, or making the same substitu- 
tions in any of the less complex functions that are obtained from these, our 
knowledge of such functions assures us that the results would be one or other 
of these three kinds, namely: 1. Real numbers, positive or negative, and in- 
creasing and decreasing continuously; 2. Imaginary symbols of the form 
v + w \J — f, where v and w continuously increase or decrease; and, 3. Ex- 
pressions of the form ^ZT^, where w being exceedingly nearly equal to v, the 
continuous increase of w may cause the expression to become plus infinity; and 
this increase continuing, and causing w to exceed v by a quantity infinitely 
small, will make the value of the expression pass at once from plus infinity to 
minus infinity. 

Such, at least, then, are the degrees of variation that we must admit under 

the notion of continuity, if we would regard the ordinary functions of algebra 

as continuous; and we find that our elementary writers have, accordingly, in 

speaking of continuous functions, limited themselves to these cases, framing a 

rule that, in such functions, a number never passes from plus to minus without 

having previously passed through zero or infinity. 

— i 
The very simple expression y = tan - — x - — will, however, show us that 

a ' — z 

such a rule is not exact, since, by making z respectively equal to a + s or a — e, 
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or, which is the same, y = tan -1 j and — tan -1 7, we observe that z, in 
passing through the value a, changes y, at once, from + Z. to — — • 

The great abruptness of such changes might lead us to suppose their extent 
of discontinuity not subject to any rule, but further inquiry will not warrant 
us in this conclusion; through all their changes, these functions have a con- 
nexion that admits of measurement, and which, as we have before remarked, 
is even made the standard of comparison for other changes; so that in the lan- 
guage of algebra, variations of no greater extent than these, are reckoned as 
within the limits of continuity, whilst changes more abrupt are regarded as 
transcending those limits. 

But, although mathematicians may adopt this definition, it would evidently 
be more correct to say that continuity is divided by such writers into orders : 
geometrical continuity of the highest order may cease with the introduction 
of imaginary signs, whilst analytical continuity admits such symbols of corre- 
lation as indicative of a grouping of related problems. The expression, for 
example, y = a + \Jb 2 — - x 2 ceases to be geometrically continuous with the 
value x = b; but this is far from being the case with the analytical function, 
wherein that value indicates a mere transition to a second problem of the same 
group. All functions y = Fx, of numerical logic, or which are expressed in 
terms of those unbroken arrangements of "the calculus" that lead to the rules 
of arithmetic — rules by which, as by a machine, the numerical values are com- 
puted — will thus constitute series of continuous terms ; but it would seem that 
analytical writers carry this notion further, and regard every arranged series, 
whether reduced or not to the known arrangements of the calculus, as pos- 
sessed of some continuity. 

The functions arithmetically direct, or that merely represent additions, to- 
gether with all those which, in passing from one value to another, pass through 
all the intermediate values, form the functions of the first degree; a continuity, 
it may be observed, best understood by considering the branches which func- 
tions admit. 

I have, in another place, proposed to denote functions as monoramic, or mul- 
tiramic, according to their division into branches. And these divisions, when 
applied to geometry or physics, would have again to be subdivided by their 
quality of being real or apparent. The circle, or the common lemniscate, for 

VII. — 3 H 
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example, manifestly consists of a single branch, whilst the hyperbola, with its 
two opposed and separable branches, is as clearly multiramic; and still more 
justly, perhaps, may this quality be predicated of the figure represented by the 
equation y 2 — a x 2 = 0, which consists of two distinct right lines. These ex- 
amples serve to distinguish a real geometrical division into branches, from that 
apparent division which belongs to the analytical function representing the 
curve, and which owes its multiramic character not only to the nature of the 
latter, but to the place of the origin, and the directions of the co-ordinates, as 
will be sufficiently apparent by considering the different branches under which 
the circle and lemniscate appear when expressed by means of linear co-ordi- 
nates. 

Curves really monoramic, and possessed of the first degree of continuity, 
would thus either return into themselves, or continue to infinity, or terminate 
abruptly at one or both of their extremities; the last of which conditions ap- 
pears to require transcendants of a higher order than those elementary func- 
tions which are usually alluded to when we speak of the continuity of func- 
tions, or, as might be more accurately expressed by saying — when we speak 
of functions having a continuity of the first and second degree. 

The variations admitted into this latter class have been illustrated by the 
examples with which we commenced this section; and we have there also re- 
marked that its peculiar character is, that any one point of the same branch 
of such a curve can only have a single tangent. It is this property, therefore, 
which includes the ordinary definition of continuity ; and as it has been found 
of some importance in the theory of vibrating cords, and of some other parts 
of applied mathematics, and as we also perceive it to form a well marked cha- 
racter in the arrangements of continuity, it may not be amiss to give this pro- 
perty an analytical, in place of a geometrical form : to effect which it will be 
sufficient to design the general algebraic function of the first degree 

y = ax + b, 
as a linear function, and to say that every function F x has a continuity of the 
second degree, when each distinct branch of it has, for any given value of x, 
a single linear osculate. 

The singular points exhibited in the annexed figures will afford an evident 
illustration of these remarks : the first, although determined by the usual rules 
for points of reflection, owes its peculiarity to the mere position of the axe of 



AS COMMONLY INVESTIGATED. 231 

the co-ordinates, and may occur in a curve having a continuity of the first de- 
gree; the second and third, which are the only points of reflection usually 

1 ,2 3 , , ^ 



A.C- Ar^- A^— 



A< 



given, appear in continuities of the second order; whilst the fourth, which, 
viewed independently of the arbitrary arrangements of analysis, seems to present 
no greater breach of continuity than the second or third, is yet, from admitting 
two tangents at A, not regarded as a continuity by our analysts, and can only 
appear in those transcendants which we have described as possessing continu- 
ities of the third order.* 

This last division falls, therefore, under the class which mathematicians 
have termed discontinuous, and which we propose to designate as continuities 
of orders lower than the second. With regard to such functions, which phy- 
sical problems every where present us, and which now act so important a part 
in mathematics, some confusion appears to exist. Most authors, and Fourier 
and Poisson in particular, have endeavoured to reduce their analytical expres- 
sions to that connected series of arrangements which I have described as con- 
stituting the arranged functions of numerical logic, and which is generally 
known as " the calculus." 

Mr. Peacock, in a report to which I have frequently alluded, proposes, as, 
indeed, had been informally done before, to introduce a sign of discontinuity 
*D a ; which amounts to an agreement that in such an expression as 

y = A log x + B sin x (6) 

X X 

the coefficients A and B shall not be absolutely constant, but that A shall be 

XX X 

unity and B zero between the limits x = — infin. and x = n; whilst, on the 

X 

contrary, these coefficients are to interchange those values from x = n to 
x = -{- infinity. 

This method of proceeding, which has been often used, differs from the ver- 
bal statement of the proposition in no other way than as agreeing upon some 
common symbol which expresses that statement in the shortest manner. It 
affords, therefore, no assistance towards reducing y to the arranged functions 
of the science, and, consequently, never leads to the remarkable expressions 

* The branches are supposed to terminate at A, otherwise this would merely be a multiple point, 
and what is said above would not be true. 
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log o (i •<»■ n) 

invented for this purpose. As o x , A m . o n , or e (10g0) , which last has the 

properties assigned to A. 

Our equation (6,) in short, by whatever signs of mere agreement we express 
the coefficients A and B, amounts really to the two equations 

I X 

{y = log x} 

tt 
n 

{y = sin xj 

n 

and has no other advantage than results from uniting these two equations in 
one. 

Simple expressions connecting, with the ordinary arrangements of algebra, 
the different orders and kinds of breaks to which continuity is subject, are still 
wanted ; expressions that should perform their work as simply as the various 
series and formulae used for interpolation. Those functions to which Mr. Mur- 
phy has given the name of transient Junctions serve well enough for most of 
the cases where such connexion is not wanted. Of these transient functions, 
expressions of the class 



a — a 
are the most simple ; and I presume that most analysts have long used them to 
express such breaks of continuity as are represented in the function 

^x = ^^ f x + ^^ f'x + F x. 
x — a x — b 

But, notwithstanding the necessity which thus exists for retaining expres- 
sions that shall possess, independently of agreement, the properties in question, 
it seems to me that advantage would accrue from uniting these methods; and 
that not only some convenient notation should be agreed upon to represent 
these semi-constants that change per saltum at limits, but that the simplest 
class of periodic variables should be dealt with in the same manner, and made 
types of reference to which all periodic quantities could be reduced. 

With this view I have elsewhere recommended that any given function F x 
should be made periodic between the limits 1 and * by annexing the symbol 
^ ; so that 

% F (x) 
would represent, geometrically, a series of waves formed by the continued re- 
petition of the same portion of the given function. 
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The expression 

<g>x 

would, according to this notation, express an abscissa that, regularly increasing 

from to «•,* recommences with the latter value, until it has again increased 

to the same amount; whence it follows that whatever may be the form of F, 

we should have 

@Fx + FJ.x. 

It would be out of place to repeat here the deductions which I have else- 
where drawn from this and similar equations; and my only object in now no- 
ticing them is to remark, that were such conventions agreed upon, every spe- 
cies of discontinuity might be reduced to a class, and rendered a continuity of 
an inferior order, the connexion with the other arranged functions of the cal- 
culus being established by seeking expressions for such simple periodic ele- 
ments as we have here denoted by @ x. 

I shall not insist further on this subject, having said enough to render clear 
all that I have to urge in regard to the principal topic discussed in this paper. 
It has appeared to me that much confusion has arisen from the vague notions 
entertained concerning modal functions; functions of the calculus, or of nume- 
rical logic; continuous functions, and discontinuous functions; and having, in 
the preceding section, illustrated the real distinction between the two former, 
I trust I have said enough in the present section to show, not only that the dis- 
tinction between the latter is merely that of a superior and inferior continuity, 
but also that when we assume with Poisson every function of the form 

{F(x,h) = 0} 

h = 

to contain a factor h a , we must, at best, form our conclusion on a very limited 
class of mathematical expressions. 

Section III. 

Functions arranged in the Order of their Magnitudes. — Taylor's Theorem. 
Functions X, X, X, &c, of x, that vanish when x = a, are said to be ar- 

12 3 

ranged in the order of the evanescent magnitudes which they assume for x = a, 
when for every value of n we have 

* «• is used to denote any period, the symbol * being left for the common period of trigonometri- 
cal functions. 

VII. — 3 I 
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X 



i±-} 



-I 



The order of magnitude of such a function will, therefore, evidently be that 
of the lowest term it contains ; as it would be that of the highest term, if the 
function, in place of vanishing, became infinite for x = a. And it will equally 
follow from the definition, that very different functions may have the same 

■y" 

order of magnitude; as, for example, the function x, sin x, , which, for 

1 + x 

x = 0, are all of the same order, and may be reduced one to another by omit- 
ting parts that are of the higher orders. 
An equation, 

PX + PX + &G. = QZ + QZ + &C. (7) 

11 2 2 11 2 2 

between two series of such terms can be shown to be impossible, unless the 
lowest terms are of the same magnitude. For, if not, we might suppose either 
term, as that on the left hand, to be the greater, and as by division we should 
have 

p + p. ± + &c. = Q. _L + Q ± + &c. 

1 2 X 1 X 2 X 

1 1 1 

and as this for x = would reduce to 

P = 

i 

the lower terms would disappear until the required equality of magnitude is 
obtained. 

It will be readily seen that we cannot regard the terms X, X, Z, Z, &c, of 

1212' 

the series as if they individually consisted of a single term; since, even when 
that is the case, we might always substitute for X or Z equivalent expressions 

n n 

that contained more than one term; and thus, to speak clearly, we must dis- 
tinguish the total function, or term of the series, from the secondary functions 
or terms, which, together with their corresponding primary function, constitute 
X or Z ; and we must bear in mind that however this primary function is 

11 n 

changed by expanding X or Z, or by substituting equivalencies for them, it 

n n 

always remains of the same order; a condition which is not requisite in the 
secondary terms, which are, moreover, always of higher orders than their 
primaries, which last express the order of the whole function, or term of the 
series. 
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When this is borne in mind, it will be readily understood that if the secon- 
dary terms are not of the same magnitude with any of the terms in the series ; 
in other words, if we have classed all the secondary terms of the different func- 
tions that may happen to agree with the primary term of X or Z, as a part of 

n n 

the latter, it will follow that our equation (7) cannot subsist unless we have 

separately 

|PX = QZ| 

( n n n n ) 

x = a 

for every value of n. 

The restriction here supposed, however, will be unnecessary when the equa- 
tion is of the form 

PX + PX + &C = 

11 2 2 

since the result P = 0, already demonstrated, will also lead to P = 0, and 

2 

thence, generally to 

P = 

n 

which is true for every value of n. 

The two great forms of arranging terms which algebra employs are drawn, 
in common with nearly all its arrangements, from arithmetic, and are simply 
series connected by the operations of addition, or of multiplication; whence, 

1 2 

denoting by 2, 2, 2, prefixed respectively to the general term of a series U, the 

X 

three arrangements 

U, U, U, U, U . . . &c. (I) 

12 3 x 

U + U + U + U + &c U . . . &c. m 

12 3 x 

UxUxUxUx&c U . . . &c. (3) 

12 3 x 

we shall have a concise notation for all the principal arrangements or develop- 
ments of which it will be necessary to speak. 

The operations of every branch of analysis consist, in a great degree, of find- 
ing equivalencies between the two last of these arrangements, and of thus, 
either by the species of correction employed between the terms, or by the na- 
ture of the classifying function II, suiting our analysis to the problem in hand. 

X 

Taylor's Theorem is one of the transformations of this kind, and perfectly 
to comprehend it, and especially to connect it with the elementary operations 
of the science — a task quite as important, we must consider not only such terms 
as enter into the series (2,) but also those which compose series of the class (3 ;) 
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or, in other words, the factors, and especially the prime factors, into which any 
given function may be divided. 

That any function may be made an " apparent " factor of any other function 
is evident, since we have only to write 

F (x) = f x. l^ = f x <?> (x) 

IX 

in order to make f x act the apparent part of a factor of F x. The existence of 
such an error, however, if made unintentionally, would become manifest on 
substituting for x the value a that caused f x to disappear, since such a substi- 
tution would render q!>x infinite, whilst, on the other hand, the substitution of 
a value b that caused f x to become infinite would cause q> x to disappear. 

When F x is an algebraic function consisting of the sums of powers of x, 
and which, therefore, can be actually produced by multiplying together factors 
of the same kind, we have the most exact idea of the nature of these last, but 
the same is not the case when F x and its factor are functions of different 

kinds; it might even be shown that 

{Fx} 

x = a . . . b 

{Fx} 

x = c . . . d 

or F x with x varying from a to b, and F x with x varying from c to d, may 

be distinct functions, having distinct systems of factors ; and thus, in speaking 

of an equivalence 

Fx = P x Q 

as expressing the more correct proposition 

{Fx = PxQ} 

x = a. . . b 

we omit a factor R, which acts in these expansions by products, the part of a 
remainder in the expansions by sums, and which has the property of being 
unity between the values x = a . . . b, and of being variable, and, perhaps, 
even infinite for other values. 

These remarks will be sufficient to show that F x vanishing when x = a, 
f x may be considered as a factor of {F x} * provided that we have 

a — t . . . a -f- * 

fa = 

-7— not infinite; 
i a 

* s is a quantity which may be infinitely small, or, in general, as small as may be required in 
the proposition wherein it occurs. 
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and as two factors P and Q might justly be regarded as prime when they con- 
tained no common factor, we might define prime factors in this way; as, how- 
ever, it is not always easy to find these common measures, we shall prefer a 

definition that is equivalent, and say that factors P and Q of any given func- 

p 
tion F x, are prime when all the values of x that make P = 0, make j=r vanish, 

p 

whilst all the values that make Q = make j? infinite. 

The relative magnitude of functions that vanish when z = a must evidently 
depend upon the nature of their factors; and it will, therefore, be convenient 
to lay down as a definition that functions which are not prime 

12 3 x 

U, U, U, U . . . U, &c. 
are said to be arranged in the order of their magnitude when the fraction 

U . 



u 

formed by dividing any one of the functions by that which precedes it, is equal 
to zero for the value of z that makes each of the factors vanish. 

Proceeding to the development of a function into a series 2 TJ, of functions 

X 

more simple than itself, we observe that for any value a, of the independent 
variable z, that renders the function finite and definite, we must have 

Fz = Fa + R; 
where R vanishes for z = a. The nature and magnitude of R will depend al- 
together on that of F z; it may deviate either slowly or rapidly from the vanish- 
ing value when z departs from the value a; and it may even become infinite 
for an infinitely small alteration in z, or it may cease altogether to exist (as in 
the theory of conjugate points)* when z takes any other value than this of the 
single existence zero. 



*£>' 



* The imaginary values of an ordinate, when the function is illustrated by geometry, serve very 
well to exhibit this distinction between y as absolutely non-existent and y as merely equal to zero, 
a distinction on which the whole theory of conjugate points depends; but I have elsewhere re- 
marked that when we regard the problem as one of pure numerical arrangement, and not as 
illustrated by geometry, this advantage is lost, and we are left without a symbol to express a rela- 
tion of so much importance. 

The reader will readily perceive that y = 0, and y = a v — 1, considered geometrically, 
differ in their degree of non-existence; since adding b to both, in other words, shifting the origin 
VII. — 3 K 
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But, notwithstanding all these various changes through which R may pass, 
we may always write 

Fz = Fa + Q.fz 

fa = ; 
since, whilst we assert nothing more concerning f z than is contained in the 
second of these equations, we merely express in algebraic terms the truism 
that F a = F a. It will be observed, however, that if we assume f z to have 
the form £ (z — a,) and much more if we assume it as expressed by (z — a) m , 
we depart as much from the limited condition represented, as if we assumed 

rr 

f z to be log -, or, sin (z — . a,) or any other function that has the property of 
a 

vanishing when z = a. 

This function f z is the prime factor of F z — Fa that vanishes when z = a; 
but its form, far from being a matter of arbitrary assumption, must be deter- 
mined by a strict analysis, which will terminate in proving that for all func- 
tions which have a certain degree of continuity, and with the exception of cer- 
tain values of a, f z may be assumed as any function of z — a that has the same 
evanescent magnitude as z — a itself. 

A similar analysis with regard to Q, would prove 

Q=F(a) + Q.f,z; 
and continuing this decomposition, and writing x in place of a, we arrive at 
the theorem 

Fz = Fx + F.x.fz + Fx.f.z + &c Q.f.z 



of the co-ordinates, we derive y = b, a real existence, from the first, and y = b + a s/ — 1 
from the second ; which last value of y is as completely imaginary as y = a */ — 1. 

This distinction, and its loss when the geometrical illustration is departed from, will be seen in 
the annexed figure, where, as there are no points of the curve ex- 
isting between the conjugate point A and the vertex of the branch B, 
the squares, or any other functions of such non-existent co-ordinates, $ 
must be wholly imaginary. Representing these co-ordinates, how- 
ever, by y = a V — 1, their squares become real; and thus it is evi- 
dent that in applying algebra to geometry we do, usually, superadd to imaginary quantities, or to 
sucli quantities when used in certain ways, the condition that no functional operation is to be re- 
garded as removing the absurdity. It is this property for which a sign is wanted, in order to com- 
pl ete th e theory of correlation, and thus to remove all difficulty which has arisen from regarding 
>/ — 1 as a sign of perpendicularity. 
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12 

where not only f z, f z, &c, vanish for z = x, but they are composed of factors 
f x z.fz, f u z.f,z.fz, &c, each of which vanishes when z is equal to x. 
Viewed analytically, it will thus follow that 

12 n 

f z, f z, fz, &c. . . . Q 
are functions arranged in the order of their magnitude, although we could not 
thence conclude that, in all cases, these functions form a converging series 
when z was taken infinitely near to a. 

To examine this question, and to show under what circumstances f z be- 

n 

comes of the form e, (z — x,) it will, perhaps, be most convenient to substitute 
h for z — x, or to examine when F (x + h) expands under the form 

Fx + Fx. th + Fx. §h....Q. |(h). (8) 

And with this purpose we must commence with the expansion 

F(x+h) = Fx + R 
i 
where R is a function of x and h that is merely limited to vanish when h = 0. 

Now, we observe that if F x possesses a continuity of the first order, or if it 
possesses such a continuity between the limits x = a — n s and x = a + n e, 
Ave can apply to it the idea attached to a rate of increase, and can ascertain 
when this increase is fastest or slowest; to illustrate which further, we remark 
that, if the function was expressed geometrically, the portion in question would 
evidently be a continuous curve, osculating with some straight line, and in- 
creasing faster or slower with the position of the latter ; but, as the appeal to 
geometry is justly considered foreign to the subject, and does not apply to ima- 
ginary functions, where we must consider separately the increase of the real 
and of the imaginary part, we must use, in place of this illustration, the nume- 
rical expression of the function by means of tables. 

Let its form be 

P + QV^Tl ; 
then if, when we substitute for z the successive values a ± e, a ± 2 e, &c, P 
and Q are found to approach to some definite rate of increase as e is taken 
smaller and smaller, or, at least, if they so far approach to a definite rate of 
increase that we can assert the alterations to be faster or slower in one part of 
the portion than in another part; or, again, that such rate is the same through- 
out the whole portion, in either of these cases the portion has a continuity that 
is finite and of the first degree. 
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Denote by a the value of z corresponding to that part of the portion where 
the alteration of one of the terms P or Q is not exceeded in slowness by the 
values of P or Q either there or at any part of the portion, and assume 

£ h = F (a + h) — F a, 
it is then clear that 

F(x + h) — Fh 

F (a + h) — Fa 

can never become infinite between the required limits, supposing, as is always 

done, that h does not exceed the small values employed in estimating the rates 

of increase above mentioned. 

We thus prove that £h is a factor of the function 

{F(x + h) — Fx} 

x = a — t ... a + j 

and, consequently, that we may write 

F (x + h) = F x + Q. I h 
But it will follow from this equation that whatever function Q is of x and h, 
it must also, between the required limits, have a continuity of the class which 
we have assumed for F (x + h). As will be seen by considering that a finite 

and definite increase of F (x + h) will require a finite and definite increase in 

i 
Q. £ (h) or R, and that as £ (h) has been so assumed as to increase in this man- 
ner, Q must do so likewise. 

i a 
By this reasoning we therefore establish that all the functions £h, eh, &c, 

are continuous functions of the first order, and may be taken not to contain x ; 
whence it appears that the development (8) is just; that it constitutes a con- 

n 

verging series when h is sufficiently small; and that Q, is of less magnitude 
than any of the terms which precede it, and may be made as small a portion 
of the whole as we please by taking h within proper limits. 
Having thus established the equation 

{F (x + h) = Fx + |h. F (x) + fh. F (x) + &c. . . . R} 

X = X . . X 

for all functions that have between x and x a continuity of the first order, and 

excluding from such continuity all serpentine forms that have infinitely small 
periods,* we proceed to investigate some of the simplest of the series 

|(h), |(h), |(h),&c. 

* The rates in such forms would not become definite as <• was decreased. 
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Now, repeatedly substituting x + h for x, we obtain 

F(x + nh) = F(x) + n| (h). Fx + R 
and, on the contrary, by putting n h for h in the expansion of F (x + h,) we 
also deduce 

F (x + n h) = F (x) + £ (n h) F x + R. 

Whence the right hand members of these two equations may be equated; 

and as each is arranged in the order of its magnitude, we must have, by what 

has preceded, the first terms of the same magnitude, and consequently only 

diifering by functions of magnitudes higher than their own. And from this, 

again, it follows that, by removing from the first to the higher terms in either 

series, magnitudes that shall leave the order undisturbed, we may render the 

first terms in the two series identical. Whence, writing k for nh, making h 

£ h 
constant, and denoting %^~ by c ; and finally, representing, still, by £ k what £ k 

becomes after removing the terms in question, we have 

ck = £k. 

And as the constant c may be taken from £ k, and made a factor of F x, it 
appears, at length, that we have 

{F(x + h) = Fx + h. F. x + R.} 

X =z X . . . X 
ll = 8 . . . « 

where s and e are quantities as small as may be necessary. 

i 
Denoting F x, according to the usual notation, by d F x, or, more simply, by 

X 

d F., the equation 

|F(x + h) = F. +d i F. +RJ (9) 

X = X . . X 

manifestly suffices to establish all that is commonly taught in our text books 
concerning first differentials, as well as so much of the theory of the higher 
differentials as regards them merely as the differentials of differentials, and not 
as the superior terms in Taylor's Theorem. 

The nature of these last might now be investigated by a method very similar 
to that which Poisson employs for the same purpose, but the process may be 
vii. — 3 l 
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shortened by having recourse to the differential calculus as establishing in the 
expansion (9)* 
Thus it is shown in all our elementary works that 
d n F (x + h) = d n . F(x+h): 

x b 

and we may also show that when terms are arranged in the order of their mag- 
nitude, their differential coefficients have the same arrangements — propositions 
that will suffice for the investigation in question. 

To prove the latter of these propositions we remark — that if $x and i^x are 
functions arranged by their magnitude 

i|/X 



m-i 



for every value of x that makes i^ x = ; but 

d^x _ 4> (x + h) — ^x _ 4 1 (h) — _ i^-h _ 



i 



d x $x 4>( x + h) — $x 4>(h) — $h 



x = 
h = 



where the order of the successive substitutions x = 0, h = 0, is indicated by 
their symbols below the right hand bracket. 

2 3 

To apply these propositions to the investigation of £h, £h, &c, denote the 

1 2 
latter by H, H, &c, and write 

W = F (x + h) = F + hd F + H.P + H P + &c. . . R; 

X 

when we shall have 

dW = dF + hd°F + HdP + &c dR 

X X X X X 

d W = d F + d H.P + d .H P + &c d R: 

h x h h h 

and as these terms are arranged in the order of their magnitudes, the equation 

h d 2 F + &c. = d H P + &c. 

x h 

will have the first term on the right hand, of the same magnitude with that on 
the left : whence it follows that by removing parts of these terms that do not 

* I owe this remark to Mr. Z. P. Powers, who supplied the proof that the differential coeffi- 
cients of terms arranged in the order of their magnitude, are also themselves arranged in the order 
of their magnitude. 
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change their order, and by annexing these parts to terms higher in the series, 
we might at length render 

h.d 2 F = d H.P; 



h 



and by cancelling these equal terms, and reasoning in the same manner, arrive 
ultimately at the equation 



n— 1 n— 1 n n 

H d P = d . H P. 







X 


h 




The first of these two 


equations is i 


satisfied 


by the functions 




i 
H 


_ h 2 

1.2 


,P = cl 


2 F. 


and the second by 












n — l 

H = 


n — i 

d H 


l n 
, P = 


n — 1 

d.P. 


whence we conclude that 










n — 1 

H =, 


1 
o n 


n — 1 
h", P : 


= d n F. 



and that one of the prime developments of F (x + h) is 

F+UF+^d ! F + &c 

X 

A very common, and, it appears to me, a universal error committed in demon- 

h n 
strating this theorem, consists in regarding the function 1-2 n as the only 

classifying function by which such an expansion could be made; whereas not 

z 

only is 2 A h z ,* a function that equally satisfies our differential equations, 

z = n | 

but, as we have already remarked, those very equations are unessential to the 
problem, since any function of the order h n could have been made to supply its 
place. This error, it appears to me, lies not so much in a want of knowledge 
of the fact here stated, as in a total omission of that fact in the demonstrations 
of the theorem, whereby it necessarily follows that such demonstrations are 
made to prove too much. 

In concluding this part of my subject, I may, perhaps, be permitted to detain 
the attention of the reader for a moment, by referring him to an error somewhat 
similar in the usual extensions of Newton's Binomial Theorem. This ex- 
pansion, when confined to integral and positive indices, expresses merely 
that special case of the equivalence 

n n— 1 1 

* Ah" -f A h n ~ l + &c Ah 1 + A. 
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2 (X — r) = 2 .Px 1 * 

z = c|n z z = o I n 

wherein all the factors are equal. Such an equivalence we know is just for- 
every value of the variable, whereas when, by analogy, or any other species 
of proof, we extend the like proposition to negative or fractional indices, the re- 
mainder must now be taken into account — or otherwise the proposition must 
be limited to values of x that make the right hand member converge, when 
one equation becomes 

5 2 (x — r)= 2 Pi 8 ) 

fz = l|n n z = 0jn S 



•+ * 



The same error, of course, occurs wherever remainders are neglected; neither 
is the error here exactly of the kind that I have been noticing in Taylor's 
Theorem; but I have instanced it as a very familiar case in which, also, our 
usual demonstrations prove too much. 

That whatever functions are used in Taylor's Theorem in place of the 

h n 
classifying function i a n , they must be of the same order with the latter, 

will be seen by considering that the form arrived at was deduced by such 

mere transpositions of secondary parts as did not alter the arrangement of the 

several terms. 

And having thus shown that this celebrated development is truly the de- 
velopment of monoramic functions of the first order of continuity, and accord- 
ing to the prime factors of their several parte, I shall now proceed, in a few 
words, to consider how far the expansion is prime. This condition is essential 
to all the applications of the theorem, and yet no other notice of it is taken in 
our text books than such as relates to the terms obtained by integration, or 
those on the left hand of a given term, when the development proceeds from 
the latter, and with regard to which an omission is always made. 

That the series derived from the left hand to the right is prime, immediately 
follows by the usual reasoning employed to show that series are identical. For, 

7. Z 

if F (z + h) would expand in two series 2 P h z , and 2 Q h z , we should have 
the equation 

2 (P — Q) h. z = 

2 1 

* 2 expresses a series of factors,, as i' or 2. does of terms.. 
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which, by what we have already shown, would give 

z z 

P = Q. 

But if we suppose the development to commence with one of the terms of 
the expansion, as d n F (x), and thence demand the most general form of the 

X 

terms on the left, we shall observe that the investigation of Lagrange fails in 
generality, and that the consequence deduced from it, that only a constant can 
have all its differential coefficients equal to zero for the same value of x, is 
neither just in itself, nor so great a paradox when violated as Mr. Peacock 
seems to suppose.* 

Indeed, including in modal functions of the first order of continuity such as 
have a portion absolutely rectilinear, and which depart thence into a curve by 
insensible gradations, it is clear that if we can find a numerical representative 
F x of such a modal function, Taylor's Theorem would hold throughout its 
whole extent, and that consequently Fx, a function which is not a constant, 
would yet fulfil the equation 

{d» (F.x = 0} {10) 

X = I ... X 

for every value of n. 

The very simple function -. Fx. tan. -1 (0) a-x is constantly zero from 
x = — a to x = a, and constantly equal to F x from x = a to x = a; and 
thus affords an elementary case of a function fulfilling the equation (10) : but 
it should be remarked that as the transition takes place in an infinitely small 
interval, this function does not fall under the first order of continuity. 

This example I have taken from the pamphlet before mentioned, and all 
that it is necessary to say further on the subject, may be taken from the same 
source. 

"We see therefore," it is remarked, "that with proper limitations, which, too. 
are only necessary in regard to functions of a low order of continuity, we may 
assert that a constant is the only function that can give the first differential 
zero; and this granted it is easily seen that ax + a' is the only function that 
can give the first differential a constant. For, let <£x be any other function 
that also gives d <p (x) = a; we have 

X 

d |$x — (ax + a')j = 0; 

i 

* See what has been already said on the function e ** 
VII. — 3 M 
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whence 

$x — (ax + a') = c 
or 

$>x = ax + (a' + c) = ax + a'. 
And, in like manner, if 4> x is a function that has its third differential coeffi- 
cient equal to zero, we may write 

d a \<px — (ax 1 + a^x + a vv )| = o 

d \ty x — ( ax* + a v n + a vv ) I = c 

<£>x — (a x 2 + a v x + a") = ex + c' 

4>x = ax a + a v x + a vv 
whence it appears that ax 2 + a'x + a" is the only function, excepting those of 
the class already mentioned, which has its third differential coefficient equal 
to zero. And, proceeding in like manner, we find 

2 a " • • • z . x z 

z = 0|n — 1 

to be the only function which has its n th differential equal to zero, the exception 
above mentioned being still kept in mind, and which is removed by substi- 
tuting for each of the constants, functions that are constants between the limits 
assumed, and of arbitrary values beyond those limits. 
Now suppose 

d°Fx = d a ^x 

we can divide $ x into two parts, F x and if'X, and write 

d»Fx = d;(Fx + W; 

x 

but this equation gives 

d^x = 

whence we conclude that 

4>x = Fx+ 2 a"- z x 2 

z = 0|n — 1 

is the only function that can give the equation 

dn$>x = d°F (x) 

x 

or the terms to the left of d" F x in Taylor's Theorem become prime on add- 
ing the customary function, and substituting for the constants it contains, func- 
tions of the class we have described." 

The occasion of Taylor's Theorem failing for special values of x is mani- 
festly by such values destroying M in a term 
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h» 
M + N£h 

h n 
that enters the remainder, and thus introducing a new term ^-. The manner 

of obtaining the coefficients of such terms, and of thus extending the expansion 
beyond the monoramic functions of the first order of continuity, must now oc- 
cupy our attention. 

And on this point we may remark, that if in place of h n we use for our 
classifying function any expression that fulfils the equation 

m 

D. f h = (11) 

for all values of m that exceed n, and which is unity for m = n, we shall im- 

m 

mediately obtain the coefficient sought by performing the operation D on both 
sides of the equation. 

This operation, D, is supposed to be of that class which makes the operation 
performed on the sum of any number of terms equal to the sum obtained, by 
performing the operation on each separately; a condition conveniently ex- 
pressed by the notation 

n 

Now suppose Fx the function expanded; F the same function diminished 

n 

by subtracting all the terms of the expansion up to the n*; and fx the classi- 
fying function : in other words, let there be 

11 2 2 33 nn 

Fx = Pfx + P.fx + P.fx. . . Pfx. . . 

n n n 

F = P f x + &c. 

n 

and it will follow, if f x fulfils the equation (11,) that 

n n n 

P = DF. 

In the instance before us the function to be expanded is F (x + h;) and the 
classifying function h n , where m may be positive or negative, whole or frac- 
tional; and all these cases will be included by supposing the values of n to 
constitute the series 

-t-K + C4> + &°- 

q q q ••' 

Now, supposing (i to be the least number which is divisible by all the deno- 
minators, and denoting the quotients by (i 1 , p", &c, it is clear that an opera- 

n 

tion D which fulfils the equation (11) will consist in substituting k" in place 
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of h, multiplying by k p '<"', differentiating n times, and making k equal to zero. 
Whence 

P = r ^L_ _. d£. k p >'F (x + k^) as) 

k = 

We have already remarked that the expansion of Fz by powers of z — x seems 
to be more truly the algebraic development, than the form which this expan- 
sion assumes when presented as Taylor's Theorem — the one is the develop- 
ment of a general monomial, the other a general trinomial function — and it 
seems a more natural order to deduce the latter from the former, than to fol- 
low a converse process. The substitution of z — x for h does affect the coeffi- 
cients, and thus we may write 

F.z = 2 (f-*)". d». {k»\ F (x + ki>)}. (13) 

k = 

where p' is minus, the numerator of the least value of n, supposed always to be 
zero unless n is negative — and [t is the least number divisible by the denomi- 
nators of n. 

I shall not increase the size of this paper, which has already extended itself 
to such undue limits, by exemplifying the use of this theorem, in determining 
the values of vanishing fractions, or in general of functions at their critical values; 
but I may remark here the light which it throws on fractional differentials. 

The proposition 

F(x + h) = 2d«F(x). TT ^ 



is certainly that from which we obtain our only notion of a differential coeffi- 
cient; and thus, were we to embrace Mr. Peacock's theory of the permanence 
of equivalent forms, it would follow that d°Fx was the coefficient of the n th 
term in the expansion of F (x + h) whether n was positive or negative, whole 
or fractional; and, consequently, that in all but a certain class of transcendents 
d" F x was zero whenever n was other than whole and positive. Such a re- 
sult would be at variance with the received theory of fractional differentials, as 
would likewise happen with the values given by that theory and the formula 
(12) in those cases where the fractional powers appeared in the expansion. 

I do not mean to deny that artifices and conventions can be made, and arti- 
fices and conventions that are perfectly allowable, whereby these seeming dis- 
crepancies would be reconciled; but I hold that such a process belongs to the 
doctrine of correlations — a doctrine greatly misunderstood by the writer in ques- 
tion. It is the office of correlations to group together by means of such conven- 
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tions as are here mentioned, problems otherwise distinct; but it is equally its 
office to assign what groups of problems are to be separated — and to give to 
every form that exact limit of permanence, which will ensure a union of gene- 
rality with despatch and clearness. 

It would add greatly to the precision of mathematical science, if the received 
arrangements that compose the branch commonly designated as the calculus, 
and which I have called the received arrangements of numerical logic, were 
kept perfectly distinct from those which are yet subjects of inquiry. The lat- 
ter are proper matters of investigation for the pioneers of the pure science, but 
their theory should form a distinct department of analysis, to which no appeal 
should be made in the reduction of modal relations. And in this class of doubt- 
ful and incomplete generalizations, which it may hereafter be advisable to re- 
ject or admit, it appears to me that we must place fractional differentials, en- 
cumbered as they are with an infinite series of arbitrary corrections. 

A single additional remark, arising from the development we have been 
contemplating, may perhaps be permitted me before I close this paper. I al- 
lude to the error which several recent and distinguished writers have made, in 
regard to the nature of the remainder involved in such expansions. The 
formula? very commonly used to express such remainders, give nearly the sum 
of the developable portion of the function, reckoned from the n* term to infinity, 
whilst it is evident that to answer the purpose for which these formulae are 
employed, they must include, not this portion alone, but more especially that 
which will not develope in the required form. An instance will render this 
remark sufficiently clear. 

Assuming h 4 e 9 v / - 1 for h in Taylor's Theorem, and h*e — flv/:rr for h in 

the expansion of- r- we have evidently 

4- J . h> ° _ 6 ._ -■ F(x + hi.eSv/— )dfl 
2« 1 — h*e e \/-i v ' 

0|2!T 

for the value of the remainder from the n ,h term to infinity, but it is equally 
evident, that such an expression does not comprehend the negative or fractional 
exponents, or in short, any of those which cause Taylor's Theorem to fail ; yet 
numerous expressions of this kind are given without this limitation, and among 
VII. — 3 N 
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others, I may mention one readily deduced from the above which that excel- 
lent analyst Mr. Murphy has given in the Philosophical Transactions. 
The theorem above given may be conveniently put under the form 

(r) e 
±-r ±L f (x + k e v/~i)d0, 

2rt J "■ " -"" 



h -W~i 
X -k e 



where the limitation is that — shall be less than unity, and h and k each suffi- 
ciently small to make F (x -f- h) and F (x + k) converge. 



NOTE. 

While this paper was going through the press, the ingenious and distinguished author fell a 
victim to a disease under which he had long suffered; his death occurring on the 31st of October, 
1840. The first proofs only were subjected to his examination, and he was then so ill that some 
apology may be necessary for errors of the press in the earlier, as well as the later parts of the 
paper. Mathematicians will be struck by the circumstance that the formulae are printed in Roman 
instead of Italic letters, — a deviation from the usage which was not observed by the author until it 
was too late to have it corrected. 



